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Abstract

We study multi-level multivariate normal distribution with self similar compound symmetry co-
variance structure for k£ different levels of the multivariate data. Both maximum likelihood and
unbiased estimates of the matrix parameters are obtained. The spectral decomposition of the new
covariance structure are discussed and are demonstrated with a real dataset from medical studies.
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1 Introduction

To understand why multi-level multivariate data analysis is indeed a need in the present era, we begin
with an example of bone replacement surgery for elderly osteoporotic patients. Osteoporosis is a disease
characterized by a reduced bone mass and a degeneration of the bone tissue; it leads to bone fragility, so
to a higher risk of fractures. As the population ages, more patients with osteoporosis require orthope-
dic procedures, for example those with intraoperative fractures, periprosthetic osteolysis with implant
migration, and postoperative periprosthetic fractures. In most cases, it brings relief and mobility after
years of pain. Bone takes a long time to grow and repair, so treating serious damage or carrying out
reconstructive procedures can be a slow and painstaking process. Up till now surgeons used to change

the bone by highly polished strong metal, ceramic material or by polymers. However, after about 10



years of use, these artificial things often need to be replaced because of wear and fatigue-induced de-
lamination of the polymeric component. Sometimes these foreign things induce allergic reactions as
has been observed on occasion with some stainless steels, or they sometimes harbor bacteria. A short-
coming noted with ceramics used as standalone bone substitutes is the initial low resistance to impact
and fracture. The ideal bone graft substitute should be osteogenic, biocompatible, bioabsorbable, able
to provide structural support, easy to use clinically, and cost-effective. As a result scientists are now
considering to use some organic structures. It is known that organic molecules mimic behavior of metals
and thus could be used to repair the human body. Moreover, they do not have any adverse reactions
and are tolerated well by the human body. To see which organic structure works best one needs to
measure proliferation and viability of the organic structures along the circumference of the structure
and at different depths of the structure. Furthermore, to see the effectiveness of these organic structures
all these observations need to be measured repeatedly over time. Therefore, we see that this data is
a four-level (proliferation and viability: Level 1, different points on circumference: Level 2, different
depths: Level 3 and different time points: Level 4) dataset. As opposed to three-level data analysis
showing the bone activities (proliferation and viability) of organic structure along circumference and at
different depths, four-level data analysis can differentiate between the bone activities over time. The
measurements at different points on circumference, at different depths as well as at different time points
may have different measurement variations for the variables, and we must take these variations into
account while analyzing these kinds of data. Examples of three-level data can be found in Leiva and
Roy (2012) and examples of two-level data can be found in Roy (2006), Roy and Khattree (2007), and
Roy and Leiva (2008).

Two-level data (two-dimensional arrays) is analyzed using a matrix-variate normal distribution,
which is an extension of the traditional multivariate (vector-variate) normal distribution. Two-level
data can also be analyzed vectorially with a 2-separable (Kronecker product) variance-covariance struc-
ture, or block exchangeable covariance structure. These covariance structures integrate the two-level
information into the model. Whenever one has two or more levels of measurements collected within
subjects (clusters), one has a data analysis situation that requires an assumption about the structure
of a within-subject covariance matrix. One may choose to ignore it, but failing to understand how a co-
variance matrix works may influence the results. In the same way, multi-level data (multi-dimensional
arrays) can be analyzed vectorially, however with some structured variance-covariance matrix which
can incorporate multi-level information into the model, e.g., k—separable covariance tructure (Leiva

and Roy, 2014; Singull et al., 2012) for k—level data. Nonetheless, k—separable covariance structure



may not be suitable for all datasets; thus we explore some other structure for k—level data in this article.
Our new structure can be utilized in situations where exchangeable feature is present at every level of
the data.

Advancement of computer technology allows to store complex (e.g., multi-level) data more efficiently,
inexpensively and instantly these days as compared to last century. Thus, appropriate methods need
to be developed to analyze these multi-level data to draw right conclusion. Standard multivariate
techniques with one big variance-covariance matrix do not work with these multi-level data, as these
standard techniques cannot incorporate the multi-level information in the standard models, and thus
would draw wrong conclusions (See Roy et al., 2015; Leiva and Roy, 2012).

A meaningful distinction between the multi-level normal and multivariate (vector-variate) normal
distributions is the way in which their covariances are characterized. Treating a multi-level data as
a vector-variate data with one big unstructured variance-covariance matrix fails to preserve certain
intrinsic algebraic relationships among the response variables and their geometric relationships in which
the response variables are measured. For example, algebraic operations e.g., decomposing the variance-
covariance matrix into its eigenvalues and eigenvectors, performed on multi-level data are wrong when
a multi-level data is treated as a vector-variate with the big unstructured variance-covariance matrix.
One first needs to do the eigendecomposition of a suitable structured variance-covariance matrix for
multi-level data to get the eigenblocks and eigenmatrices (Hao et al. (2015)), and a set of uncorrelated
principal vectors with eigenblocks as their variance-covariance matrices. Then obtain the eigenvalues
of each of the eigenblocks and the corresponding uncorrelated principal components which are linear
combination of the components of the corresponding principal vector. Additionally, a big unstructured
covariance matrix of the vectorial representation of the multi-level data offers no insights into the way
the measurements of the experimental design are observed and affect their distribution. Sometimes
the structure in multi-level data is simply implied by the organization (design in broad sense) of the
experiment. Moreover, the computation of the parameters with the unstructured variance-covariance
matrix is a real problem as the number of parameters multiply with the increase of the number of
response variables and with the increase of the number of levels in the data. A multivariate analysis
is not possible for these multi-level data in a small sample setting, and this necessitates a multi-level
multivariate data analysis for these multi-level data.

Roy and Leiva (2007, 2011), and Leiva and Roy (2009, 2011, 2012) have written a series of articles
for three-level data with different covariance structures. One of the structures they used is doubly

exchangeable covariance structure. Roy and Fonseca (2012) studied linear models for three-level data



with doubly exchangeable covariance structure on errors. Doubly exchangeable covariance structure is
a generalization of block exchangeable covariance structure or block compound symmetry covariance
structure for two-level data, which in turn is a generalization of compound symmetry covariance struc-
ture for traditional multivariate (vector-variate) data. This article generalizes this compound symmetry
covariance structure for k—level data, and we name it as “self similar compound symmetry” (SSCS)
covariance structure; the connotation will be clear in Section 2 when we define the structure. A k—SSCS
covariance structure, is a partitioned covariance matrix, consists of k unstructured covariance matrices
for the k levels of the k—level data, and thus reduces the number of unknown parameters significantly.
This is of critical importance to a variety of applied problems in medicine and engineering among many
other fields with multi-level data. The major advantage, however is that this obviates some of the prob-
lems with small sample size. Multi-level data sets often contain many variables along with the number
of levels of the data, and in most cases the total number of variables exceeds the sample size.

k—SSCS covariance structure for k—level data as opposed to unstructured covariance matrix is
very interesting as it assumes different covariance matrices at each level and uses these k covariance
matrices “cleverly” in the construction of the k—SSCS covariance matrix. In this paper we consider
the balanced case of k—level data, where the same m—dimensional vector of measurements is recorded
for each combination f = (fa,..., fr) of k — 1 different levels (factors) with f; € F, = {1,...,m4} at
t = 2,...,k for each individual (unit). We show through many examples throughout the article that
our new k—SSCS covariance structure is indeed an extension of the compound symmetry covariance
structure for multivariate data.

Let x, § be a mj—variate vector of measurements on the r** replicate (individual) at the f factor
combination. Let x be the p; ;, = H§:1 m;—variate vector of all measurements corresponding to the rth

sample unit, that is, , = (x,1..1,... ,xr7m1,_.,7mk)/. The (arbitrary, but the same for all r) covariance

matrix I'y has ¢ = py  (p1,1 + 1) /2 parameters. If the number of samples n < p; j, one cannot estimate
the ¢ unknown parameters. It is then necessary to assume some appropriate structure on I'y, in order
to reduce the number of unknown parameters. The number of parameters to be estimated in “k—SSCS
covariance matrix” is only gml (mq1 + 1), which is much less than ¢, the number of unknown param-
eters in an unstructured variance-covariance matrix. Also, for this k&—SSCS covariance structure the
observations need not be of equally spaced. It is worth mentioning at this point that the total number
of parameters in k—separable covariance structure is fo:l m; (m; + 1) /2, but the total number of free

parameters in k—separable covariance structure is Zle (m; (m; +1)/2) — (k —1). For detail see Re-

mark 3.1 in Leiva and Roy (2014). If m is less than at least one of {mq, ms, ..., my}, then the k—SSCS



covariance matrix is more parsimonious than the k—separable covariance structure.

The rest of the article is organized as follows. We introduce the k—self-similar compound symmetry
covariance matrix in Section 2. Some examples of SSCS covariance structure is given in Section 3.
Maximum likelihood estimators (MLEs) and unbiased estimators of the matrix parameters of k—SSCS
covariance structure are derived in Section 4. Spectral decompositions of the k—SSCS covariance struc-
ture is obtained in Section 5. An example of a real data set is given in Section 6. Finally, Section 7
concludes with several comments and the scope for future research. Technical derivation of MLEs of all

unknown parameters and other derivations are presented in the Appendix.

2 Self-Similar compound symmetry covariance matrix

Let my, for h = 1,...,k, be fixed positive integer numbers, that is, my € N, for h = 1,... k. Let
pi; be the product p;; = {in my, for i < j =1,...,k, with pjy1; = 1, pit2; = 0 and let =, be

a (p1k x 1)—dimensional random vector, and it will be considered as a partitioned vector formed by

/ /

!/ o . .
Ll wr7p17j;pj+1’k) . Under symmetry conditions like the one

p1,; X 1— subvectors, that is, &, = (x
imposed by the self-similar compound symmetry covariance matrix (defined later) these conditions can

be stated (without lost of generality) to be “the first component of p,, is equal to 1, for h =2,... k”.

Definition 1 We define x, to have a k—self-similar compound symmetry covariance matriz (k—SSCS

covariance matriz) if T'y, = Cov [x,] is of the form

k k—1
F:I: = Z <® J%ljfl—h) ® (Uk,j — Uk,j+1) , (1)
=1 \h=1

P1,kXP1,k

where Uy ;, for j = 1,...,k, are symmetric mi X my1—matrices, with Uy 1 positive definite, Uy, 11 =

0, xm, and

01 (k—1) if J=1
Upj = (Thej1y oo Thijh—1) = (lek—j7 1}_1> if 7=2,...,k—1, (2)
12_1 if j=k

with 1}, denoting the (hx1)-dimensional vector of ones, Jj, = 1,1}, and JY = I}, the (hxh)-dimensional

identity matriz. The matrices Uy ;, j =1,...,k, are called SSCS-component matrices.

The my x my diagonal blocks U}, 1 represent the variance-covariance matrix of the m; response variables
at any of the k levels, whereas m; x m; off-diagonal blocks Uy, j, j = 2, ...,k represent the covariance

matrix of the m; response variables at any two different levels (same or different). In particular, when



p1x X 1— random vectors x, and E [z,] = p,, are partitioned in m; x 1— subvectors as
@, = (x5 5 g fj€F={1,...,m;}, for j = 2., k),
where x,.p, 1, . 5, € R™ is an m; x 1 subvector, and
Po, = (Wpy o ot [i € Fy={1,...,m;}, for j = 2,...,]4:)/,

where prg, ¢, € R™!is an my X 1 subvector independent of r, that is,

_ / / / / / /
Ly = (mr;l,l,...,lv s 7mr;m2,1,...,17 mr;l,Q,...,l? s 7mr;m272,...,17 s 7mr;1,m3,...,1a s )mr;mg,m3,...,17
’ I / I / / !
P11, 20 Temg 1,2 T2 20 Primg 2,20 Trlimgmy xT;mz,m3,---7mk) )
and
_ / / / / / /
Ky = (Hl,l,...,la s Bmo 1 112, 1 Mimg 2, 1 s M g, 1 s Mg ms,.L 1
I I I I I / /
112 Mg 1, 2 12,2 B 2,20 s BBl mg o m Hm2,m3,...,mk) )
then
/
E (wT§f27f37~~~:fk - ”f27f3,---,fk) ("’r;féﬂfsfv--wfii - “f;,f;,---7f,j> (3)
. e . -
_{Uk,l Zf fj-‘rh_fjJrh-h_]-v"'vk*j fOT Jj=1
— . E _ * . _ . . .
Upj if [i#/f; fith="Tn k=1, k=3 for j=2,...k

We believe that this k—SSCS structure described in such a manner can capture the data structure in
a longitudinal study in all k£ levels, and therefore offer more information about the true association of
the data. We now examine how the k—SSCS variance-covariance matrices look like for some particular

values of k and m in the following examples.

3 Some useful examples of SSCS structures

Example 1 If k=2, and m; =1, then Ugj, j = 1,2, are real numbers and the (my x 1)-dimensional

random vector x, has the covariance matrix

1
r, = ), <® Jﬁifw> ® (Uz; —Uzjt1)
J=1 \h=1

= I,,® U1 —Usz2)+Jm,@Us»

= (U1 —Usz2) I, +Usz2dm,,

which is a mo X mo compound symmetry, equicorrelated or exchangeable covariance matriz.
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Example 2 Ifk =2, andm; > 1, then the (mymgx1)-dimensional random vector x, has the covariance

matric

2
Z <® Tl h> (Usj = Uzjt1)
1
= I,,® U1 —Uszg)+ Jn, @Uss.,

which is the equicorrelated covariance matriz (Leiva, 2007) or block exchangeable covariance matriz.

Example 3 If k = 3, the (mimams X 1)-dimensional random vector x, has the covariance matriz
3

2
Iy = Z(@Jﬁiﬁ h> (Us; —Usj+1)

=1
= Iym, @ (Us1 —Us2) +1, @Jp, ® (Uso —Usz3z) +J pym, QU3 3,

which is the jointly equicorrelated covariance matriz (Roy and Leiva, 2007) or doubly exchangeable

covariance matriz. Note that

Iy = Ingm ® (Usy —Usz) +1,,, @Jp, @ (Uso —Uss) +Jmgm, QU3 3
= Iy @ {[Im, @ Uz —Usyz) +Jm, QU3 | — Jmy,®@Us 3} +J 1y @ (I, ®@Us 3)
= I,,{Vs—-Ws3}+J,, ®(W3),

where V3 = I, ® (Usy —Usp) +J, QU39 is a 2—SSCS covariance matriz and W3 = Jp,, QU3 3.

Therefore, we see that 2—SSCS covariance matriz is nested in 3—SSCS covariance matriz.

Example 4 If k = 4, the (mimamsmy X 1)-dimensional random vector x, has the covariance matric

4
r. = Z ( J#uiﬂ h) U4J U47j+1)
J=1 \h=1

Inimams @ (Uar —Us2) +1pyms @Iy @ (Usa —Uyyz)

1,0, @Tmams @ (Usaz —Uss) +J mumams QU4 4.
This case has not been treated in the literature, even though there are cases in the experimental research

where the obtained data (e.g., the organic structure data described in the Introduction) could be analyzed

using this covariance structure.



Note again that

Ty = Lnymeme, @ (Usy —Us2) +1ums @T i, @ (Uso —Usy)
1,0, T mgms @ (Ussz —Uss) +J pmymam, QUi
= Iy {Imgm, @ (Usy —Us2) +1; @1y, @ (Usz —Uss) +Trmym, @ (Uaz —Uass)}
+Tms @ (Jmgme ®@U 44)
= I, Q{Vy—Wyt+J,, (W),
where Vg = Lpym, @(Ua1 — Us2) +10, @J 1, @ (Usz — Usz) +J gm, ®U 4 3 is a 3—SSCS covariance

matriz and Wy = Jpym, QU 44 . Therefore, in this example we see that 3—SSCS covariance matrix is

nested in 4—SSCS covariance matrix.

So, combining Examples 3 and 4 we find that 2—SSCS covariance matrix is nested in 3—SSCS covariance
matrix; and 3—SSCS covariance matrix is nested in 4—SSCS covariance matrix. We now prove that this

property is true for general k. From (1) T'; can be written as

k—1 /k—1 k-1
. = <® J%Ugfl h> (Uk] Uk,jJrl) =+ < J;I;li—hl—h) ®U’€7k

j=1 \h=1 h=1

k=1 /k—1 k—1
= Imk ® <® Ji?lfbk-t:f;hib> ® (Uk,j - Uk7j+1) + Jmk ® <® Jmk+1—h> ® Uk,k

h=2

k-2 /k—1 _
= I, ® ( J%ifﬁ) ® Upy —Ukjs1) | + <® Jfﬁ;i:f_i’h) @ Ugp-1—Ury)

h=2
k—2 k—1
Tk—1:j,h Tk—1:k— 1,h
== Imk ® ® Jmk+1j h Uk‘,j Uk,]-i—l Jmk+1 h ® Uk‘,k‘—l
]:1 h=2

k—1 k—1
— ((X) Jﬁﬁ;ﬁff”) ® Uk,k} + Ty, ® <® Jmm_h) ®@ Uk
h=2 h=2

where
k—2

k—1
Vi = Z <® J:Zkilj hh) U’W Uk’vj'i‘l) + ( Jkarlh) ® Uk,k—l

h=2

is a (k — 1) —SSCS variance-covariance matrix and

k—1
W, = <® Jmk+1h) ® Uk,k-

h=2



Therefore, for general k, the above property justifies the name why the covariance matrix I'y, is called
self similar compound symmetry or exchangeable covariance matrix as it has a compound symmetry
(structure) behavior at each of its k depth levels.

More precisely, if the (p;  x 1)-dimensional random vector @, is considered as a partitioned vector

T, = (:1:;“7101 R TEEE s Ty k—l?mk)/’ then its partitioned covariance matrix I'y, in its first depth level has
the form
Vi W, - Wi
W, V. - W,
e = Vin=1| . : DU
Wi, Wi - Vi
where V', and Wy, are (p1x—1 X p1,kr—1) matrices such that V7, = cov [m’T’ka_l;t} ,t=1,...,m; and

Wi = Jpz,k—l ® Uk,k‘
In the second depth level when we consider V', is partitioned into (pj y—2 X p1 x—2) matrices, it turns

out to be also of the form

Vier Wey o Wiy
Wi Ve - Wiy
Vi = ) ) _ .
Wi Wi o Vi
= Imk_l & (Vk—l - Wk—l) + Jmk_l ® Wk—la
where V1 and Wy_; are (pj—2 X p1k—2) matrices such that V_; = Cov [aj'l":Pl,k72§t:|7 for t =
Looo,mg_amyg =pg—1 g, and Wiy =Jp,, , @Ug 1.
The same phenomenon happens for each j =0,1,...,k—2, in the j+1 depth level when we consider

V,—j is partitioned into (p1 k—j—2 X p1k—j—2) matrices it turns out to be of the form

Vi, Wiy - Wi
Wi i Vi - Wi,
Vi, = | T (4)
P1,k—j XP1,k—j : : .. :
Wk—j Wk—j L. Vk—j

= I, @ (Vij—Wij)+Jdm,_, @ Wiy,

for

: _ /
where V_; and Wy_; are (p1x—j—1 X p1,k—j—1) matrices such that V;_; = Cov |:w7',p1,k—j—1§t:|’

t=1,....,pk—jk, and Wy_; = Jp,, . @ Ugg—j. We use this self similar property of I'y to find out

the inverse and the determinants of Iy, in the following two lemmas. In both lemmas, matrices

j
Apj=Y p2i(Upi—Ugiy), forj=1,...k (5)
i=1



play an important role. These matrices can also be expressed using the iy.; = (ig:jn:h=1,,...,k—1)

notation given in (2), that is,

j k-1 .
VL. 5%
A=Y | I mit | Uk = Ukyesa), (6)
=1 \ h=k—j*+1
since
k=1 k-1 ,
U:j* b _ Lk:j* b
H m D, = H My, (7)
h=1 h=k—j*+1
k—1
= H Mp1-h = D2,j*,
h=k—j*+1
because ij.;+ = (ig:j+p:h=1,,...,k —1) with
i = 0 if h=1,...,k—7j*
ISP if h=k—(G*—1),...,k—1.

Lemma 1 Let 'y be a k—SSCS variance-covariance matriz as in equation (1) of Definition 1. It can

be proved that if Ay ;, for j =1,...,k, are all non singular matrices, then

k k—1
_ ihes 1 _ _
=3 (@ ) o (i) i) ®
h=1 P2,j

where the symbol A} | indicates the (m1 x m1) zero matriz (A} 5 = Om, xm, ). Notice that when Uy, ; =

Upirj forjg=1,... k, then Apy1;=Aj, forj=1,...k—1,but Api1x=Arr—p2rUpi1p1-

The proof of this lemma is given in Appendix A.l. It is worthwhile to note that the form of I‘;rl is
the same as the form of I'y,. Therefore, the SSCS covariance structure is invariant with respect to the
inverse. Furthermore, SSCS covariance structure is invariant with respect to addition. Using similar

inductive arguments as above we can prove the following lemma.

Lemma 2 Let I'y be a k—SSCS variance-covariance matriz as in equation (1) of Definition 1. Let
Pr+1,k = 1 and pryor = 0. Then, it can be proved that

k

P, = Vil = [[ 1A e, Q
j=1

The proof of this lemma is given in Appendix A.2.

10



4 Estimation

To carry out any statistical analysis with multi-level data we need to estimate the k—SSCS covariance
matrix I',. We obtain MLEs of I';, and its component matrices in the following Section 4.1. However,
for the derivation of many statistics for testing purposes we need the unbiased estimates of the k—SSCS

covariance matrix I'y and its component matrices, which are derived in Section 4.2.

4.1 Maximum likelihood estimators of the £—SSCS covariance matrix I',,

Theorem 1 Ifxy,...,x, is a random sample of size n from a population with distribution Ny, , (z; L),

where L'y, is a positive definite k—SSCS covariance matriz, then the MLE of p,, is i, = @, where

1 n
n r=1
and the MLE Ty, of T is

k k—1 R R
= Z <® J:ﬁszl h> (Uk,j - Uk,jﬂ)?

j=1

where lAfk’h, forg=1,....k, and h=1,...,k—1, are given in (A27).
The proof of this theorem which is straightforward but tedious is given in Appendix A.3.

Example 5 If k =2 (see Example 2) we have

n

~ BQ 1 _
Uy = Co1=— Z Z (@15, = Tp,) (Trsp, — Tp,) and
r=1 fo=1

n

ﬁ = C = 2 = £ €T £ — &
22 22T ma (me—1)  n-mg(mg—1 ;ﬁzlh;%:1 rifs = Tfs) ( rif3 fz)

The same estimates are obtained by Leiva (2007).

Example 6 If k =3 (see Example 3) then

n m9 m3
Byi = Y > > @rppy —Tpp) (@rifasy — Tpagy)

r=1 fo=1 f3=1

n  m2 m3 ms3
— — /
B3y = Z Z Z Z (@rifofs — Tpogs) (a’?“;f2f§ - mf2f§‘) and

r=1 fo=1 f3=1 fsF£f5=1
n.o ms m2 m3 ms3
— — /
Bz = Y > > D> @rpss—Fpg) (@i — Trsps)
r=1 fo=1 fo#Af3=1 f3=1 f3=1

11



Therefore

~ B3,

Uz = C31=—"""—
n-ms3-msy

o B3,

U3,2 = 03,2 = - and
n-mg-msg(mg —1)

-~ B33

Usz = Cs33=

)

The same estimates are obtained by Roy and Leiva (2007).

Example 7 If k =4 (see Example 4) then

n  ms

ms3  mg
By = Z Z Z Z (xf‘;f2f3f4 - Ef2f3f4) (xr;f2f3f4 - Ef2f3f4),a
r=1 fo=1 f3=1 fy=1
n  ma

m3 M4 myq
Biy = Z Z Z Z Z @ripafsfs = Tpafsfa) (®rifafags — ff2faf4)/v

r=1 fo=1 f3=1 fa=1 fat fi=1

n  mz m3 ms3 mg M4

By3 = Z Z Z Z Z Z (Trsfofafs — Thafafs) (Trifofafa _Ef2f3f4)/ and
r=1 fo=1 f3=1 fa#f5=1 fa=1 f;=1
n mo

ma2 ms ms3 maq maq
By, = Z Z Z Z Z Z Z (mr;f2f3f4 _§f2f3f4) (mr;f2f3f4 _§f2f3f4)/-

r=1 fo=1 foAf5=1 fs=1 f3=1 fa=1 f=1

Therefore

~ By,

Usyi = Cu1= :
n-mq-ms- Mo

~ B,

Usp = Cyur= :
n-my-mg-msg(ma —1)

-~ B3

U473 = 0473 = . and
n-my-mg(ms— 1) maomsa

o By,

Usys = Cuu= :

)

n-my (myg — 1) - mamg - mamg’
4.2 Unbiased estimators of the k—SSCS covariance matrix I',

Theorem 2 An unbiased estimator of the k—SSCS covariance matriz Ty is given by

k-1 _ -
To=)Y (@ J?ﬁ}f;’h) ® (in‘ - Ufw‘+1) )

j=1 \h=1
where an unbiased estimator of the component matrices Uy, ; for each j =1,...,k are given by
~ n By no o~
U, . = - »J - U, ..

12



Under the Normal assumption of Theorem 1 of the previous Section 4.1 and using the partitioned x

into m; x 1 subvectors given in (A20), we know that

o , 1
T = (33}27f37_.7fk cfi e Fy={1,...,m;}, for j=2,.. .,k;)’ ~ Np, . <uw; nl}), (10)

where Ty, ¢, ¢ € R™ is given by (A21), where

. /
Mo = My = (l’l’/fz,f3,...,fk cfjeFy={1,...,m;}, for j :2,...,k) ,

and I'y is a k—SSCS positive definite covariance matrix given by (1).

By the definition T’y is

f]’-k+1,fj 777777 fie

/
b [<ﬂ3r;f;,‘..,f;+1,fj,...,fk g ) (®rifoufsreti = Bporfsonfi) ] = Uy, (11)

and from (10) we know that

1
— — /
E |:<:Bf§(7"'7f;+17fj7"'7fk - l'l’fé“ """ f ) (:I:fQ’fS""vfk - “f27f37---7fk) :| = EU]C:] (12)

IR
Now from (A17) we have
Z (:I:r - E) (CCT - E)/ = [Z (wr - /"'w) (wT - “w)/] -n (E_l’l’a:) (E_“a:)/7
r=1 r=1

and, in particular, using the notation g ; given in (A26) we have

1 special sum pair J—2 sum pairs
k—j sums N
n
LD IR D DD ) DI R PP
r=1fu€Fy  fir€Fip \fi€F; fi#f;€F; Ji—1€Fj—1 ff_1EF; f2€F, f3€F,

(5 (50,) = Fp(in)) @rig — )

n

sl P3DIEEED SN DI 2 2

=1 f€F)  fir1€F41 \Si€F; [;#f€F; fi—1€Fj—1 f{_1€Fj

<

Z (w“f*(ik:j) B 'uf*(ik:j)> (@5 = “f)/

f2€F), f5€Fy

S PSR i D ol ol [ oD »

fit1€Fj1 \fi€F; fi#f;€F; fi—1€Fj—1 7 €Fj

. > |» (ff*(ik:j) B “f*(ik:j)) (®r —ng)'|.

foEF} fQ*GFk
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Therefore

EngjCr;l = ngejUk;— qrjUk;

= (n—=1)qr Uy,

and thus,
E [ z C,w] = Uy,
n—1
As a result
ﬁk’j B % R = (n —Bf’)qu.J - n i lﬁk’] (13)
is an unbiased estimator of Uy, ; for each j =1,..., k. Therefore,

k k—1
Lo =) (@ J?z}fflh> ® (Uk,j - Uk,j+1> (14)
j=1 \h=1

is an unbiased estimator of the k—SSCS covariance matrix I',.

5 Spectral decompositions of the k—SSCS covariance matrix

We perform spectral decompositions of the k—SSCS variance-covariance matrix. We get the eigenblocks
Ay, Ak i—1,--.,Af1 and the corresponding eigenmatrices of the k—SSCS variance-covariance matrix

I'; in this section. Explicit unbiased estimators of the eigenblocks are given in Lemma 5.
5.1 Eigenblocks and eigenmatrices
Let us consider the following orthogonal matrices

' = H,, ®In .m,_

F2 - Imk ® (H/ ® Iml---mkfz)

mE—1

and TF' = I, @@, @ @I, ®H,, @I,)
where for each j = 2,... k, Hp,; is mj x m; Helmert matrix, that is, an orthogonal matrix whose
first column is proportional to 1,,;, (note that I',..., %! are not function of neither U;’s). Since the

product of orthogonal matrices is an orthogonal matrix,
k—
L, =T L.t
- [Imk ® Imk—l - ® Im3 ® (Hlmz ® Iml)] T (H;nk @ Iml"'mk—l)
= H®I,,

14



is an orthogonal matrix where

H =H, ®H,, & - ®Hy,,.

P2,k XP2,k
This Lj, diagnolizes the SSCS matrix I'y,. The following theorem present this result and it is proved
using mathematical induction. To anticipate the idea of the inductive implication proof, let’s consider
the example where starting from the knowledge of the diagonalization of I'y, = V41 for the case k = 2,

then the case k = 3 is proved

Example 8 When k = 2 (see Example 2) the diagonalization of matrix

Vier = V=10 Voa-Wo)+Jdp, @ Wy (15)
P1,k—1XP1,k—1 P1,k—1XP1,k—1
= I,,® U -Us)+Jdp @ U;
miXmi miXmy

is doing by pre and post multiplying V'3 as follows (see Leiva 2007)
LYV3Ly = (Hp, @I,,)Vs(Hup, ® In,)
= diag{U1+ (m2 — 1) U2; Im,—1 @ (U1 — Ua)},
where
Ayyg = Ui+ (me—1)Uy and
Ay = Uy —Uy,
This result is assumed known (in the proof of Theorem 2 this will be replaced by the inductive hypothesis).

We want to proof the corresponding result for the case k = 3, that is, for the 3—SSCS covariance matriz

(see example 3)

Vi=Ip, 01,0 Ui —-Us)+ 1, 0Jpn, @ Us—U3z)+Jp, @I, ® Us |,

miXmy mi1Xmi miXmi

that is, the result to be proved is
L3V, L3
= (II%m @>II;Q @%Imq)‘f4(lfﬂm @)IIWQ @)IWH)
= diag{A33;Im;—1 @ Ag1;Imy—1 @ diag {A3z2;I1,—1 ® Az}l
where
Azs = (U —Usz)+me(Uz—Us)+mamsUs
Azy = (U —Usz)+me(Uz—Us) and
A1 = Ui —U,j,

15



For a prof see Lemma 3.1 in Roy and Fonseca (2012). However, we prove the result for k = 3 here as
well, so that it would help the readers to follow the next theorem structurally. In the first step we write

V4 as a3d—1=2-55CS matriz of the form

V4:Im3®<V3—W3>+Jm3® W3 ;

P1,3—-1XpP1,3—1 P1,3—1XP1,3-1

where V'3 is given in(15) and W3 = Jp,, ® Us. Then using the known result for the case k = 2

diagonalize the matriz V 4 using the orthogonal matriz H gy @ I,

D3 - (H;n5 ®Im1m2) V4 (ng, ®Im1m2)

= diag{Vs+ (m3—1)W3; I, 1 ® (V3 — W3)}. (16)
In the second step we realize that both V 3+ (mg — 1) W3 and V3 — W3 are 2—SSCS matriz of the form

Vi +(ms—1) W3
= I, [(Ui+(m3—1)Us3) — (Ua+ (m3—1)U3)| + I, @ (Ua+ (mg — 1) Us)

P1,2—1XP1,2—1 P1,2—1XP1,2—1

= Im2®(U1—U2)+Jm2®(U2—|—(m3—1)U3),
and

Vs—W3 = Im2®[(U1—Ug)—(UQ—U3)]+Jm2®(U2—U3)
= I, U —-Uz)+Jp,® Uz —Us),

repectively, and consequently, both can be diagonalize using H,, ® Ip, ,, that s,

Dy = (H.,®I,,)[Vs+(ms—1)Ws| (Hp, @ I,,)

= diag{(Ul —Usz)+ma(Uz+ (m3s—1)U3);1,-1®(U; — Ug)}

= diag{(U1 —Usz) +m2 (U —U3) + momzU3s; In, 1 ® (Uy —Ugz)} (17)
and
D3 = (H;nz & Ipl,l) (Vs —Ws) (Hmz ® Ip1,1)
= diag {(Ul — UQ) + meo (UQ — U3) ;Im2_1 & (U1 — UQ)} (18)

The final step is to apply Ly @ H oy, @ Iy, | = diag {Hm2 @Iy, s Imz—1 @ Hpy @ Ip1,1} to diagonalize

16



D3, given in (16),using (17) and (18), that is,

(Im; ® Hy,yy @ Iy ) Dy Iy @ Hppy @ Iy, )

diag {H',, @ Ipy Iy 1 @ Hly @ T, )

diag{V3+ (m3 — 1) W3; I, 1@ (Vs —W3)}

diag {Hmy ® I, Iimy—1 @ Hyy @ Iy, }

diag {(U1 — Us) +ma (Us — Us) + mamsUs; Im,_1 ® (U — Us)

i Ipa—1 @ diag [(Up —Usz) +mo(Ua —Us) ; Ip,—1 @ (U — Uay)l},

which is the desired result.

Alternatively, the above result for k = 3 can be written as follows

(Im3 ®H;n2 ®Im1) Ds (Im3 ®Hm2 (=) Iml) = diag{DchS cfo € Fy, f3 € Fg},

where
(U1 —=U2) +ma Uz —Us) +mamzUs if fo=1,f3=
Dy, s, =< (U1 —U3) +my(Us—Us) if fo=1,f3#
U, - U, i o £ 1.
We thus have the following theorem.
Theorem 3
LiTy Ly, = diag { Dy, ,;ire =1,2,...,p2k },
where the diagonal my x mi— matrices Dy, , are given by
Apr if g =1
App—1 if ik = 1+ ik 1P2 k-1 for tpk—1=1,...
L . irp1 =0,...
Apg o if k=140 ikknpokn for { ok t 1
k-2 =1,...
(ipk—1=0,...
Dik,k = . L k-2 .
Apo  if dpr =1+ 1 Tikr—nP2i—n for ,
13 =0,...
[ =1,
k-1 =0,...
Apy if g =14 ikk-npesn for 0
12 )
7:1 ]-a

where for h =k — 1 is assumed that pa x—p = P2 p—(k—1) = P21 = 1.
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(19)

,mg — 1
ymy —1
y ME—1 -1

amk‘il

7m4_1
,mg—l
7mk_1

..,mg—l
..,m2—1
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Proof: Proof is given in Appendix A.4.
Finally, note that the diaginal blocks Ay, j, j = 1,...,k in the diagonal matrix L} Tz Ly, are repeated,
and not in order. One can cluster them together with the help of commutation matrix. Thus, we have

the following corollary.

Corollary 1 Multiplying the orthogonal matriz Ly by an appropriate (p1x X p1k)— dimensional per-

mutation matriz (orthogonal) Ky we have

K, L,T.L,K) = Diag[Ak,k;Ak,k—1;m;Ak,k—1;~-; Agi;-. 5 Ak ]
—_————
(mg—1) times ma---my(ma—1) times
We have
r, = LkKk:Dmg[Ak,kS Apg—t1;- 3 Drr—15--+5 Ag1i... Ak ]KZ;LZ
—_——
(mg—1) times maz--mg(ma—1) times

= LkKkDiag[Ak’k; Ak,kfl; ooy Ak,kfl; ooy Ak,l; ey AkJ] K;CL;C

(pr,k—1) times P2,k —P3,k times

We now partition (horizontal, side by side) the orthogonal matriz LKy, as pay pig x mi blocks as
LiKy=[E;: - : Ep,,]. So,
E
(LyK}) = :
/
EP2,k

Therefore,

Pk,k P2k
Ty = E\A B} + ) EibgEj+-+ Y EiAEj,
=2 i=p3 +1

where E1 is the eigenmatriz corresponding to eigenblock Ay, E;, i = 2,...,py is the eigenmatrices
corresponding to eigenblock Ay p—1 and E;, i = p3 +1,...,p2 is the eigenmatrices corresponding to
eigenblock Ay1. The eigenmatrices [Ey : --- : Ep, ] are not functions of either of the SSCS-component
matrices Uy j, j=1,... k.

Thus, SSCS covariance structure for k—level data has k distinct eigenblocks: Ay, Ay jp—1 with

multiplicity pry — 1, ..., Ay with multiplicity ps , — p3 k-

18



Now, since L; K is an orthogonal matrix

tr(Fy) = tr<LkKkDiag |:Ak:,k:; Ak,k—l? R Ak,k—l? AN A T Ak71} K;CL;::)

(pkykfl) times D2,k —P3,k Limes

= tr(Diag |:Ak,k§ Ak,k—l; e Ak,k—l; e Ak,l; RN Ak71] K;gL;CLkKk>

(pk,k—l) times P2,k —P3,k times
= tr(Diag |:Ak,]g; Ap 15 D13 AR Ak,l])
(pk,k_l) times P2,k —P3,k times
= tr(Akyk) + (pk:,k; - 1)tr(Ak7k_1) 44 (pQ,k _ p37k;)tr(Ak71). (21)

Thus, the total population variance tr(I'y) = tr(Ag k) + (Prrp — Dtr(App—1)+- - -+ (D2, —P3,1)tr (A% 1).
Therefore, the trace of the variance-covariance matrix of the data is the sum of the traces of the
(P2, — p3.k) eigenblocks.

Note that the variability of each eigenblock Ay ;, j = 1,...,k depends on the data set at hand. It
depends on the interconnections or the correlation matrix of the variables between the levels. However,
if one wants to arrange the diagonal matrix according to the variability of the eigenblocks, one needs
to choose an appropriate commutation matrix K. Suppose for some 3—SSCS covariance structure
it may happen tr(ﬁg,g) > tI‘(&gyl), and for some other 3—SSCS covariance structure the relationship
may be opposite. In the following example we show a commutation matrix K3 for a dataset where

tr(gg,g) > tr(ﬁg,l).

Example 9 If k = 3, then there exists an mszmamy X mamomy orthogonal matrix L3 such that

! .
L3TyLs = Diag | Az3; Azq;...; 8315832, As15. .5 Q315 . A32; Ag15.. .5 Az |, (22)
N—_——— N—_———— N——_———
mo—1 mo—1 mo—1
where the mgmg my X my eigenblocks As 1; Aso; Ag g are given in (5), and P3 = P, Py, Iy, .
Now, one can find an appropriate msmaomi X mgmaomi— dimensional permutation matrixz (orthogonal)

K3 such that K3 matriz looks as follows:

I,, 0 0 0 0 0 0
0 0 0 0 I, 1®I,, 0 0
o0 I, 0 O 0 0 0
Ki=| 0 0 0 0 0 Iyt @ I, 0 ’
0 0 0 I, 0 0 0
. 0 0 0 o0 0 0 Iy @I,
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Now,

K3LiT L3 K3 = Diag [A3,3; Azo;...;A32; Az ;... A3,1},

(mg—I),times ma(ma—1) times
5.2 Principal vectors for k—SSCS covariance matrix

From Section we have E; is the eigenmatrix corresponding to eigenblock Ay, E;, i = 2,...,pp is
the eigenmatrices corresponding to eigenblock Ay ;1 and E;, i = p3 . +1,...,p2 is the eigenmatrices

corresponding to eigenblock Ay ;. Therefore the principal vectors are

where j = 1,...,(2,k), and these principal vectors are independent. The first principal vector y; has
variance Ay k, the second has variance Ay k1, and the last one yy , has Ay ;.
In the following section we derive the distributions of the unbiased estimates of the eigenblocks

Ay, j=1,...,k. For this derivation we need the following definition.

Definition 2 Let the (p1 i X p1x)—dimensional matriz A be partitioned in (pl’k,j X1 k—j)—dimensional

Pk—j+1,k
submatrices, thatis A = Ap , then the block operators by, ~— (A) andbTry, , . (A)
D1,k XP1,k PLE=3XPLE=5 ) | ey k=g

are defined respectively by

Pk—j+1,k Pk—j+1,k

bYA= > D A

P1,k—j h=1 h*=1

and
Pk—j+1,k

bTry, ,_, (A) = Z App,
h=1

where the subindex pyp—; in both operators indicates that they apply to a matriz A partitioned in

Plk—j X P1k—j— submatrices, and consequently their results are also py x—; X p1 x—;— matrices.

Using these operators on the SSCS—covariance matrix, the following properties hold

Lemma 3 Let T'y the k—SSCS variance covariance matriz (as in equation (1) of Definition 1) be

partitioned in py_j X p1g—j— submatrices, then
1. bTrp, . (Ta) = pr—(j—1)kVi+1-j, where Vi i1_j is given in (4).

2. by, (Tg) =b0Try,,_, (b7, Ta), fori<j=1,....k—1

bSum Wi_; bSumy Ipg (s QU k—j .
3. Ugp—j= i ( ) = 1’1( 2R G J),fOTJZO,...,k—Q.

2 2
P2 k—(+1) P2 k—(j+1)
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bSump gy (V=) =0Ty sy (Viewn—s) _ bSwmpy ) (bTrp, o (T2))=bTr, (o) (D)

W=
4 k=i mk—j'<mk—j_1) pkf(jfl),k'mk—j'(mk—j_l
5. Upj—j = bSumpy y ([0Sumy, o (6Troy oy () =bTrp 4y (Ta)]) forji=0 k—2. and Uy, =
e pk*(jfl)vk'[mk—j'<mk—j_1)]'pg,k—(j+1) ’ Y ’
bTTpl,l(Vk) . bTTP1,1(Fw)
DP2,k—1 o D2,k ’

Proof: Proof is straightforward

Note that if one has a good unbiased estimator I'y of Iy, then using property (5) of Lemma 3 it is

easy to see that
Up,=— -7~ (23)

d
h pupes ([550s_gy (Trpesy (Fa)) =67 ()
Pr—(—1)k Mg+ (M = D] 05 441y

f]k,k—j = , (24)

for j =0,...,k — 2, are estimators of the corresponding Uy, ;—;, for j =0,...,k — 1.

In the following Lemma we give an interesting property using the Ay, ; = Egzl P2, Ugi —Upiy1),

for j =1,...,k, given by (6). Consider the mutually orthogonal projector matrices P,,, = m%_J m,; and
Q,., = Im; — P, and noting that these projector matrices are idempotent, we have
P, = Pm,
P,,Jn Py = miPy,,,
e = Qm,
Qn,JImQn, = 0. (25)

We now define the matrices Q ;:j =1,...,k —1, by

k-1
Qi1 = Pnp®@®Ppy  ® Q@ Pp, @1y = ( Pmk+1h) @Iy, = Q;‘;’l ® Iy, (26)
h=1
k—j k-1
Qr, = (@ Pmkﬂh) ®Q, ® Popiiw | ®In,
h=1 h=k=(j=2)

= Q,;® Iy, for j=2,...k,
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where

k—1
* JR—
Qk71 - ®Pmk+17h
h=1
k—j k—1
* JE—
ka] - Pmk+17h ® Q’ITLJ ® Pmk+17h
h=1 h=k—(j—2)

Lemma 4 Let T'y, the k—SSCS variance covariance matriz (as in equation (1) of Definition 1).

1. Let Ay j, for j=1,...,k, be given by (5), that is, Ay ; = Zgzl p2,i (Uki —Upit1), then
mg - bTrp, | (Tg) — bSumy, | [bT7p, , (Ts)]

k1=

pai (mg — 1) ’
Ak
1 k—1
= ]E {I)Summ1 [bTTpL2 (I‘m)] + [bSumpL1 [bSumpM (bTrpMH (I‘m))] — 0Ty, (I‘z)] } ,
’ i=2

Ay
1 i1

- {bSump1,1 (6Trp, , (Ta)] + Y [bSumy, , [bSumy, ; (bTrp, ., (T2))] = bTrp, , (Ta)]
’ i=2

1

_ ﬁ [bSumpL1 [bSumpLj (bTTpLjJrl (I‘z))] =Ty, ; (I‘w)] }, forj=2,...,k—1.
J

2. Let the matrices Qy, ; be given by (26), then

k—1
Qk,lFka,l = <® Pmk+1_h> ® Apk

h=1
k—j k—1

Q1 T2Q;,; = (@Pmk+l_h>®Qmj® Poir oy | @Apjo1, forj=2,... k.
h=1 h=k—(j—2)

1
Apr = bTrpl,l(Qk,lerk,l):ﬂbsumpl,l(Qk,lI‘ian,l)

bl'r I ;
Ak,j—l g pl,l/r(n?k:]liEQkJ)’ for,oj = 2,._‘7]{;‘

Proof: The proof of Lemma 4 is given in Appendix A.5.
Now, using the unbiased estimate of I'y, in (14), it can be easily proved the following result that

corresponds to Lemma 4 using instead of I', its unbiased estimator f‘w = 58,
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Lemma 5 Let I'y the k—SSCS variance covariance matriz (as in equation (1) of Definition 1), and let

Ay, forj=1,... k, be given by (5), then.

1. For each j =1,...,k, the estimator Elﬁj is given by

n mg by, | (S) — bSumy, | [bTrp, , (S)]

AL = ,
ML P2k (mg — 1)

Ak,k

n 1 Al

= — IE {waan1 [bTrpL2 (S)] + [bSumpl’1 [bSumpM (bTrpLi+1 (S))] —bT'ry, , (S)} ,
, i=2
and

Ay

Jj—1

n—1po

1
- {bSumpL1 [bTrp, , (S)] + Z [bSumy, , [bSumy, , (bTrp, ., (S))] = bTrp, , (S)]

=2

1 .
E— [bSumyp, , [bSumy, ; (bTry, ., (S))] —bTry, , (S)] } , forj=2,...k—1,
J
is an unbiased estimator of the corresponding Ay, ;.
2. Let the matrices Qy, ; be given by (26), then
n k—1 ~
Q1 (n—15> Qp1 = ( Pmk+1—h,> @ Agk
h=1
. k—j k—1 B
ka,j <7’L—15> Qk,j = ( Pmk+1—h> ® Qmj ® Pmk+1—h ® Ak»j*h
h=1 h=k—(j—2)
forj=2,... k.
3.
~ n
Ay = — 0Ty, (Qp1 - S - Q)
n
= (n—Dpag bSump, | (Qp1-S - Q1)

n: bTTpm (Qk,j S Qk,j)

Bt = (n—1) (m; —1)

, for j=2,... k.

Proof: Proof is straightforward using Lemma 4.
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6 A real data example

In this section we demonstrate our new methods with a real data set, where an investigator measured
the mineral content of bones (radius, humerus and ulna) by photon absorptiometry to examine whether
dietary supplements would slow bone loss in 25 older women. This data set is taken from Johnson and
Wichern (2007, p. 43 and p. 353). Measurements were recorded for three bones on the dominant and
nondominant sides Johnson and Wichern (2007, p. 43). The bone mineral contents for the first 24
women one year after their participation in an experimental program is given in Johnson and Wichern
(2007, p. 353). Thus, for our analysis we take only first 24 women in the first data set. Thus, for our
analysis we take only the first 24 women in the first data set, and combine these two data sets side by
side into a new one, which we analyze in this article. Thus, this new three-level dataset has 3—SSCS
covariance structure, with ms = 2, mg = 2 and m; = 3. We rearrange the variables in the new data
set by grouping together the mineral content of the dominant sides of radius, humerus and ulna as the
first three variables, that is, the variables in the dominant side and then the mineral contents for the
non-dominant side of the same bones on the first year of the experiment; and do the same thing at the
second year of the experiment. Let a typical sample of this data after rearranging by dominant and
non-dominant sides, and then by time looks like
Y = (Y111, Y11.2, Y113, Y121, Y122, Y12.3, Y21.1, Y21 2, Y213, Y22.1, Y222, Y22.3)

where the first subscript from the right represents the variable. The second subscript: if it is 1, then
it is the dominant side, and if it is 2, it is the non-dominant side. The third subscript represents the
time: for example, if it is 1 then it is first year, and if 2, it represents the second year. The unbiased

estimates l~]371, ﬁg,g and ijg,g of 3—SSCS covariance structure are

B 0.01297 0.02428 0.00900 | 0.01081 0.02164 0.00843
Us1 = 0.02428 0.08587 0.01908 |, Us2 = | 0.02164 0.07633 0.01726 |,
0.00900 0.01908 0.01115 0.00843 0.01726 0.00733

B 0.01143 0.02255 0.00868
and Usz3z = 0.02255 0.07837 0.01829 |,
0.00868 0.01829 0.00877

respectively, and the unbiased estimates of the eigenblocks 53,1, &372 and 53,3 are

B 0.00217 0.00264 0.00057 | 0.00091  0.00083  0.00007
Az = 0.00264 0.00955 0.00182 |, Az = | 0.00083  0.00546 —0.00024 |,
0.00057 0.00182 0.00381 0.00007 —0.00024  0.00094
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_ 0.04665 0.09101 0.03480
and Ag3z = 0.09101 0.31895 0.07293 |,
0.03480 0.07293 0.03602

respectively. The 3—SSCS covariance matrix has a total of four eigenblocks: the eigenblocks Az 3 and
A3 are with multiplicity one, and the eigenblock Az ; is with multiplicity two. From Roy (2014) the
four (3 x 1)—dimensional principal vectors of the 3—SSCS covariance structure are as follows:

[ (Y111 +y211) + (Y121 +y22.1))/2 ]

((y112 + y21.2) + (Y122 + Y22.2)) /2
| ((y113 +121.3) + (y12.3 + ¥22.3)) /2 |

Y1

(Y111 —y211) + (y12.1 — y22.1))/2 |
Yo = | ((y112 —y212) + (Y12.2 — Y22.2))/2
| (Y113 — 21.3) + (Y12.3 — ¥22.3))/2 |

((y111 +y211 — (v12.1 + y22.1))/2
Y3 = ((y112 + 212 — (Y122 + ¥y222))/2 |,
((y11.3 + y21.3 — (y12.3 + y22.3)) /2

and

((y111 — y211) — (Y121 — Y22.1))/2
Yy = | (Y112 —y212) — (Y122 — y22.2))/2
((y11.3 — y21.3) — (Y123 — ¥22.3))/2

The first principal vector y; corresponding to eigenblock Ag 3 represents the total grand midpoints of
the variables over sides and time points. The second principal vector y, corresponding to eigenblock
A3 represents the difference between the two time points. For example (y11.1 — y21.1) provides the
difference between the first year and the second year of the first variable radius at the dominant side.
And, (y12.1 —y22.1) provides the difference between the first year and the second year of the first variable
radius at the non-dominant side. So, ((y11,1 —y21.1)+ (y12.1 — yngl)) /2 represents the average difference
between the first year and the second year of the first variable radius. Similarly, for the other two
components of the second principal vector represent the average difference between the first year and
the second year of the second and third variables humerus and ulna. The third and the fourth principal
vectors y3 and y, correspond to the same eigenblocks Az ;. And, these two principal vectors are
independent. The average of these two blocks, which represents the difference between the dominant
and non-dominant sides has the variance-covariance matrix Az .

We see that the variability in the first eigenblock is tr(&;;,g) = 0.4016149, and the variabilities in
the second and the third eigenblocks are tr(Asz) = 0.0073121 and tr(As;) = 0.0155271 respectively.
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Table 1: Trace(eigenblocks) and percent(%) trace(eigenblocks) of Mineral data.

Eigenblock  Trace(Eigenblock)  %Trace(Eigenblock)

A3 3 0.4016149 91.27999
Az 2 x0.0155271 7.05807
Az 0.0073121 1.66191
Total 0.4399813 100.00

That is, in this data set tr(As,1) > tr(Aszz). Therefore, from (21) the total variability in the data is

tr(Ty) = tr(Aszg)+ 2tr(Aszy) + tr(Ass)

0.4016149 + 2(0.0155271) + 0.0073121 = 0.4399813.

We see that the first eigenblock Az 3 accounts for the 91.27999% of the variability of the data. One
can calculate the (3 x 3) first principal vector y; corresponding to the first eigenblock A3 3, and then
one can obtain the eigenvalues of A3 3 and the corresponding principal components, which are linear
combination of the components of the first principal vector y; (total grand midpoints of the variables

over sides and time points) using any known software, e.g., SAS.

7 Conclusions

Multi-level data is present in almost every field these days, there are many interconnections among the
k levels, but it takes time to see them. More and more Multi-level datasets are coming and will continue
to come in future. So, it is important that we develop statistical tool to analyze these datasets. One
can develop testing of mean vectors for one population/ two populations or paired populations when
the populations have k—SSCS covariance structure; and obtain the classification rules with the derived
estimates of the k—SSCS matrix parameters. One can also study the optimality properties of k—SSCS
matrix parameters; we are currently working on these problems and report it in future publications.
Optimality properties of 2—SSCS matrix parameters are studied by Roy et al. (2016). There many be

some structure on mean vector too. One can study the k—SSCS covariance structure in this setting too.

A Appendix

A.1 Proof of Lemma 1

Proof: We use mathematical induction to prove that (8) is true for all natural numbers k. We know that

expression (8) is valid for £k = 2 and k = 3. See Leiva and Roy (2007). We assume that the inverse of any
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(k — 1) —SSCS matrix is given by (8), and we will prove that (8) is true for an arbitrary k—SSCS matrix.
Given I'y, = V41 an arbitrary £—SSCS matrix with SSCS-component matrices Uy ;, j = 1,...,k, it

can be written as

Vipi=Tg, =15, @ (Vi —Wy)+Jp, @ Wy,
we know that
_ _ 1 _ _
T, =10, @ (Vi—Wi) ' +Jm, ® py [(Vk +(m — )W) = (Ve = W) (A1)

Noting 4j—1:5—1 = 1},_, and then

k—2
Tor, ®Ups = (® J) UL
h=1

we prove that Vi, — W, has (kK — 1) —SSCS form. Now,

Vi—W, = = Jpyis @Ukk

k—2
'Lk 1:5,h
T il | © (Ug-1j — Uk-1,541)

I
M:v

j=1 \h=1
—2 k-2
lk—1:k—1,h Tk—1:k—1,h
+ ( Jmk+1 h ) & Uk—l,k:—l - <® T ) ® Uk,k
h=1 h=1

ko
N

Mw
®

2]

+ ( J;ﬁkif hlh> ® (Up—14-1—Upp)-
h=1

T hh> (Ukj —Ukk) — Upjr1 — Ugp)]
1

<.
Il
wﬁ

Now, by defining the matrices szl’j forj=1,...,k—1
U])Z—l,j:Uk,j_Uk;,ka forj=1,...,k—1, (A2)

and by denoting U}, ; as the null matrix, we have

k—
Vi—-Wy = Z (@J;ﬁklih) (Ui—1y = Uic1j41) (A3)
- k-2
Z (® szlkl%{h> (Ukj = Ukjs1) + <® J;Zklfl'}) QU k—1-
i=1 h=1

J
Therefore, Vi, — W, has the (kK — 1) —SSCS form, and thus by the inductive hypothesis we get
k—1

(Vk - Wk)_l = Z <® J;Ifbklih> (AI: i,] - AZ %7] 1)

Jj=

k—1
7 1

- (@) o5 (- i) a4

j=
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where for j =1,...

,k—1, we use
j
k1) = ZPM (Ui—1; = Ui_1i41) (A5)
=1

J
= > p2i (Uki — Upir1) = Dy
i=1

We now prove that Vi, + (my — 1)W, also has (k — 1) —SSCS form. Now,

Vi + (my — )Wy,
Vk + gy @ (Mg — DU

-2
Z <® J;I;k}rlj hh) (U 1 —Up- 1J+1)

Jj=

1

-2 k-2
( Jiﬁﬁf,j’”) QU151+ (@ Ji,’;klz,’;lvh> @ (my — DU
—2

h=1 h=1

2

—2
+ ( J:ﬁk}rf h1h> & [Uk—l,k—l + (my — 1)Uk,k]‘
h=1

+

??‘

k—2
X va%if’%) @ {[Ug-1,; + (mg — YUks] — [Uk—1,j+1 + (my — 1)U 1]}
h=1

<.
Il

Now, by defining the matrices U;" 1jforg=1,...k—1

z*—l,j = UkJ' + (mk - 1)Uk,k7 forj=1,...,k—1, (A6)

and denoting with U}” | ;. as the null matrix, we have

k—1 k 2
Vi+ (mpy— D)W, = ®J;';k1;h> Ui, - Uit 4) (A7)
7j=1 \h=1
k— k 2
= Z J;rkzkl,{h> (Ukj — Uk js1)
7j=1 \h=1

k—2
<®Jmk h) ® (Ugp—1 + (mg — Uy ).

1
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Thus, Vi + (mr — 1)Wy, has the (k — 1) —SSCS form and by the inductive hypothesis we get

k=1 /k—2
_ bfe—1:7 1 *k— Fok—

> .
|l
[\ -

I
VR

L I

N

3=

> |

=&

&>
~_—
®

5|
N =
<

<.
I
—
>
Il
—

*x—1

Eal
[
>
Il
—_

Il
_l’_
M/\
e
> T
QL™
™ S
< 3
R i
7L = |
EES S— &,
>
~_ &
® 3
s
\H
— VS —
Jﬁ T
[ _
T
D —
= |
T P>
C/ |
I =
S
N—

j=1 \h=1 P2,j
k—2
1 -1 -1
+ Ty | ® (Ak,k - Ak,k72>’ (A8)
he1 P2k-1
where for j =1,...,k — 2, we use
J
o= D _p (UF-U) (A9)
i=1
J
= Zpgﬂ‘ (Uz — Uz‘+1) = Ak,j, and
i—i
k—2
Ay = ZPZZ’ (Uits; = Uitiipn) +p2a Ui (A10)
i=1
k-1
= > p2i (Uki — Urit1) + poaUnp = Mgy
i=1
Now,

(Vi + (mp = DOWi) ™ = (Vi — W)~

k—2 (k-2 )
- S (@) ot (- )

j=1 \h=1 2,3
k—2 1
-1 —1
+ Ty, | @ (Ak,k - Ak,k—Q)
he1 P2,k—1
k=1 [k=2 1
- ( Jm) ® — (A; i~ AL }71)
— — D2, ’ ’
7j=1 \h=1
k—2 1
- Tmgn | © @ (ArL-ApL): (A11)
he1 P2k—1



Now, substituting the values of (Vi — W) " and (Vi + (my, — )W) ' — (V) — W) ! from (A4)
and (All) in (A1) we obtain

_ _ 1 _ _
Iyl = I, ©(Viy—Wy) 1+Jmk®m7k[(vk+(mk—1)wk) P (V=W

k=1 [k—2
T 2, 1 —1 -1
j=1 \h=1

D25

k—2
1
T @ — P ® (A—l AL )
T my, (g e h) D2,k—1 kk kk—1
ko k-1 )
-3 (@) e L (a A
—\ 2 P2,

This completes the proof of Lemma, 1.

A.2 Proof of Lemma 2

Proof: We know that expression (9) is valid for £ = 2 and k = 3. See Leiva (2007) and Roy and Leiva
(2007). We assume that the determinant of any (k — 1) —SSCS matrix is given by (9), and we will

prove that (9) is true for an arbitrary k—SSCS matrix. Now,

ik —Pirak) = | ik —Pjrok)| +mr—1+1-0
1 j=1

k k—2
j:

= (pok —DPrg) +mp—1+1=poy.

Noting that both Vi, — Wy, and Vi, + (my — 1)W, have the (k — 1) —SSCS form, using (A5) and (A9)

we get
Vi = (V= W™ [V + (my, — )Wy
myp—1
k-1 k-1
— H |A»’;_17j|]3]+1,k—1 Pj4+2,k—1 H {A»’;*_Lj’p]-;-l,kq Pj4+2,k—1
j=1 j=1
k—1 k—2
— H ‘Ak7j|(pj+1,k—1_pj+2,k—1)(mk—l) H |Ak,j [Pi+1k—1=Pit2.k—1 ’Ak,k‘
Jj=1 j=1
k—2
_ H 1A (Pj+1,k—1—DPj42,6—1) Mk |Ak’k_1|(plcflJrl,kfl*pk71+2,k71)(mk*1) 1Akl
j=1

k
_ H ‘Aj’pj+1,k_pj+2,k )
j=1

This completes the proof of Lemma, 2.
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A.3 Proof of Theorem 1

Proof: Forr =1,...,n,let x, be an p; —variate vector with mean p, and a k—SSCS covariance matrix
I'; with SSCS component matrices Uy, j : j = 1,...,k. Assume x1,..., T, is a random sample of size
n of a population with distribution N, , (tt,;'z), where T'y, is a positive definite k—SSCS covariance
matrix. The likelihood function L = L (p,;T's) is given by

n =

eXp _% r=1 (wT_“m) le (mT - p’sc)

L(pg,Tx) = Pk n )
(2m) 2 |Tgl?
or equivalently,
1 "1
exp —5 (Tx—py, ) Ty, (T — pg,
L(py, Tz,) = el fl,? = E - ), (A12)
(2m) 2 e, |?
where
Ty = (a:ll, ,w%) , and
!/
“:E*:ln@ll'm_ln@(uxrl ,,,,, 17 ’I'Lxrml ,,,,, mk>’
with p, . € R, is the same for all r = 1,...,n, and
ko k=1
Tp =100 =1,®) <® Jii;gfl_h> ® (Ugj— Uk jr1),
=1 \h=1
where U, for j =1,...,k, are m; x mj;—matrices, where Uy is the m; x my zero matrix ( Up41 =
0,1, xm, )- Thus, the log likelihood function is
np1 .k n 1 —
1, f
log(L) = ——3"log(2m) — Jlog[Ta| = 5 > (@r—py) T3 (r—pso)
r=1
npi 1 1 "o
——5 " log (2m) = S log|Ta.| = 5 (e = po.) Tal (@ = pia,) - (A13)
The matrix ;! in (A13) is by (8) of the form
k-1
r -3 (@) o,
j=1 \h=1
with
1 -1 -1
A= —(aph-anly), (Al4)
D2,

for j = 1,...,k, where it is assumed that A;é = 0, and where Ay j, for j =1,...,k, are given in (5)

and with po1 =1

31



Let @, = x, — p, be expressed as &, = @, — py, = (€& — T) + (T — p,), where T is the global
sample mean, that is,

F=15"2. Al15
T "r:fr (A15)

The sum of quadratic forms in the exponent of (A13) is

Q@ 1o T5Y) = (20— ) Tl (2= p10) = Y (2 — 1) T (2 — p1,)
r=1
= tr [T, (mr—py) (@ — py)'| = tr [T,'R], (A16)
r=1
where
R = Z (ajr - p’m) (wr - “m), (A17)
r=1
= Y @ —Z)+ (@ — p)l (2 — @) + (T — )]’
r=1
= S @ - (@ -2+ @) @ —py) +2 | (@ - m)] (@—h1g)
r=1 r=1 r=1
= Z(mT —CL‘) (:13 —iIZ) +”(f—ﬂm) (E_/*”m)/ =W+ Z,
r=1
with .
w =Z(:cr—:c)(mr—m)/
r=1
and

Z:n(ﬁ_um)(i_”’m),'

Then, log(L) = —"2£ log (21) — 2log |Tx| — 2 " | (zr—px) Ty (z-—px) can be written as

log(L) = — L1k

1 1
log (277) — %bg Tal - Str (Tg'W) — St (0, 2). (A18)

When the vector mean p,, is unstructured, that is,

/
Py = He, = (uxr;l ,,,,, TERERRY Lo mk) ’

with g, i € R, equation (A18) assures that MLE of p,, is i, = @, given in (A15). Therefore, by
replacing p,, by  the log likelihood reduces to
1
log(L) = —”1’217’“ log (277) — glog Taf - 5t (T,'W) (A19)
npy, n 1 e _ _
— —lelog (2m) — 3 log[Ta| — Str (rml ; (x, — ) (@, — m)’>.
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Let T given in (A15) be partitioned in mj x 1 subvectors as T = (E}Q fofo i fi €= {1,...,m;}, for j=2,..

where Ty, r, 5 € R™, that is,

- — — — —/ —/ —
r = (331,1,...,17 e e 1,1 T12 1 s T 2 1 s Llms, 1 s Lamgms,.., D (A20)
— —/ —/ —/ —/ —/ !
ce 7331,1,“.,27 e 7$m2,1,...,27 m1,2,...,27 tee ’me,Q,...,Q’ R ml,m3,...,mk’ tee ’wmg,mg,“.,mk) )
with

1 n

Tf =Tfyfofs = Y Tty far i (A21)
r=1

for each f = (f27f37-"7fk)/ EF= H?:Q Fj.

With this notation and using (8), we first find an appropriate expression for

Q(z.: T, T (A22)

= t]r[]."*1

o! @~ %) (@ 7|

= tr (r;l > (@ — =) (@ - x)’) :
r=1

where

/
’

I
T, = (ml,...,wn> , and
T, =1, .

Since for the calculation of this trace of a product of this two matrices, both partitioned in mi x mq
we only need the product of a block row indicated by f = (fa, f3,..., fx) in T;! by the corresponding
f = (f2,f3,--, fr) block column of 3>"_, (x, — &) (x, — T)' .The f = (fo, f3, .- ., fx) block row of T';*
is formed by the following ps , blocks: (f; — 1) p2 r—1 blocks equal to Ay, (fr—1 — 1) p2 x—2 blocks equal
to Ap_1+ Ay, ..., (fs — 1) pa2 blocks equal to Az + --- + Ay, (f2 — 1) blocks equal to Az + - - - + Ay,
one block equal to Aj + --- + Ay, (ma — fa) blocks equal to Ag + --- + Ay, (m — f3) p22 blocks equal
to Ag+---+ Ag, ..., (mp—1 — fr—1)p2,k—2 blocks equal to Ay_1 + Ay and (my — fi) p2x—1 blocks
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equal to Ag,. Note that

k—1 k—1
# of blocks = | (far1—j — Dpop—j| +1+ (Mk41-j — fr+1-5) P2k—j
| j=1 j=1
(k-1 k—1 k—1
= Z (Mig1—j — D) pog—j| +1= Mpy1—jP2,k—f — ZPQ,kfj +1
| j=1 j=1 j=1
[k—1 k— k—1
= D2,k+1—j Zm k—j| +1= Z D2, k—j* — Zp2,k—j +1
| j=1 *=0 j=1
k—2
= p2rt Z P2,k—j* — ZP2,k—j —p21+1=pok.
je=1 j=1

The product of the above row block with f = (f2, fs, ..., fx) block column of Y- (z, — &) (z, — T)’
is

fre—1

— — /
Ak Z Z U Z (wT;f§7“'7f;,17f]: - xf;r"vflzflvf]:> (wr;f27“'7fk - meﬂ"‘?fk)

w=l 1 €Fk1 f5€F?
fr—1—1

+ (Akil + Ak) Z Z e Z (a:,r‘;fgv"'?f]::,l»fk - Ef;»"'yf;sflyfk) <$T;f27"'7fk: - Ef27>"~7f/€)/

fr_1=1 [ _g€Fk—2 f3€F2

mk,1—1

— — /
(At A Y > > (mr;f57-~-7f,§_17fk - wf;...,f,:_l,fk) (@1 foofie = B frnn i)

f:,lszfl‘i'l f]:,QGFk72 f;EFQ

mk—l

— — /
Y Y Y (wnetidi ~Fhetit) @ritands ~ Fpaas)

fo=fetl fi_1€Fk—1 fi€Fy

Then, denoting by By, j, for each j = 1,2,...,k, the m; x m; matrix

By (A23)
1 special sum pair J—2 sum pairs
k—j sums
n
r=1fr€Fr  fjr1€F4 \fi€F; [i#[]€F; Ji—1€F—1 fi_1€F;1 f2E€Fy, f3EF

—/

/
/ JR—
($T§f*(ik;j) N mf*(ik:j)) (mr§f - m.f) )
where f = f,..., fj+1,fj,--., f2 and rr (ik:j) = fk,...,fjﬂ,f;,...,f;, and consequently, where the

sums with subindex f; or f7 with j < 2 do not appear in the above expression, is

n k k
r (r,;l D (@ —T) (@ — m)’> => tr[[ D Ai| By,
r=1 j=1 1=J
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Now, note that (A22) can be seen as

Q (z.: 7, T,)) =tr (T,1C), (A24)

T

where C is a np; j, X np1 — block diagonal matrix where all the diagonal block are equal to blockC,

where
ko /k-l
blockC = Z <® J:ﬁ}ﬁflh> ® (Ckj — Crjs1),
j=1 \h=1

with, for j =1,...,k,
By, ;

Ch:= : A25
5= (A25)
where By, ; is given by (A23) and
k—1 ' .
[T mg1-i = pak iof o g=1
=1
ak,; = k—j ' j—2 ) (A26)
[T mrraii | my(my =) ( [T m5 ;) if j=2,....k
i=1 i=1
0 0
where [[ mpy1-; = [[ mj—; = 1. Therefore, since (A19)
i=1 i=1
1
log(L) = — P iogr) — DlogTy| — ~tr Il W
2 2 2 P1 g Xp1 kPLEXPLE
1 1
= Pk log (27) — = log |z, | — =tr | C ,
2 2 2 npl,kX:Lpl TP XDk

we can use lemma 3.2.2 of Anderson (2003) to find its maximum with respect to I'y,. This maximum
is attained at I'y, = C. From this, the maximum likelihood estimates of the k — SSCS covariance

components are

~ 1
Urj = Crj=_—— (A27)
nQk,;
1 special sum pair Jj—2 sum pairs
k—j sums
n
r=1fx€Fy  fit1€F41 \f5€F; [i#f]€F; fi—1€Fj—1 fi 1€F;j1 f2€F), f€F

(xr;f*(ik;j) - Ef*(ikjj)> (hp — %),

for j =1,...,k, and the maximum likelihood estimate f‘m of 'y, can be written as
k-1
f= 3 (@75 ) @ (00 Ohn). )
Jj=1 \h=1

where ﬁk’h is given in (A27).
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A.4 Proof of Theorem 3

We use mathematical induction to prove that (19) with D;, is given by (20) is true for all natural

numbers k. The proof of this result for k£ = 2 is given in Leiva (2007), and for k = 3 is given in 7?77. We

assume is true for any (k — 1) —SSCS matrix V}, (inductive hypothesis is given by (8), and we will prove

that (19) is true for an arbitrary k—SSCS matrix Vj11. Consider 'y, = V41 an arbitrary £k—SSCS

matrix with SSCS-component matrices Uy j, j = 1,...,k, it can be written as

D1,k XP1k P1,k—1XP1k—1 P1,k—1XP1k—1
then
(H;nk ® IPl,kfl) Vit (Hmk ® Ipl,kﬂ) (A29)
= diag{Vi+ (mp — 1) Wi I, 1@ (Vi — W)}
where V', — Wy is the (k — 1)—SSCS matrix given in (A3) and (A2), i.e
k—1 [k—2
Vi—-Wy = :ﬁklih (U1 = Uj—1j41)
P1,k—1%XP1,k—1 j=1 \h= ’ 7
k—2 [k—2 k-2
— (@ Tkt ;h) (Up; — Upji1) + (@ J%ﬁklfl’h> R Ug,,
j=1 \h=1 h=1
with Uy_; ,, = 0, and where Vi + (my — 1) Wy is the k — 1-SSCS matrix given in (A7) and (A6), i.e

Vi+ (mi — )Wy, =

k

1

<

L /k=2
<®J;ﬁbklzh> (Uk: 1,5 Uk 17j+1)
h=1
2

k—

k—2
- 8 (Boser)oron- v

j=1 \h=1

k—2
+ < Jmkh> ® (Ukp—1 + (mi — 1)Up ).

1
By the inductive hypotesis, using L}, ; = H;,,  ®---® H;, ® I,,, we obtain

D; y=Lj_ (V- Wy) Ly = diag {D}k;;_l ke =1 ,p2,k—1} , and
Di* =L, (Vi+ (mr—1)Wy) Ly, = diag{ et =1, ,P2,k71}

Therefore, pre and post multiplying (A29) = RICARDO, CAN YOU FINISH IT

D, =

(Lny, ® Lj,_y) diag {Vy, + (my = 1) Wi; Ly 1 @ (Vi = W)} (I, @ Ly—1)
diag {Lj,_; [V + (mg = ) Wi] Ly 13 Iy 1 @ Ly (Vi = W) L1 }
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where using (A10) and (A9) is

D
Ye—1,k—1
®k _ : <k _
o1 h—1 = A if g1 = 1
1 h—2 = App—2 if ot g1 = L 00 poP2k—1-1 for ity =1, ,mp1—1
%k k
) =0,....mp_1—1
Kok - A . sk _ 2 sk k—1,k—2 ’ y Mhk—1
A _g if ¢ =1+ _11 _1—p for ’
k—1,k—3 k-3 k—1,k—1 > h=1 k—1,k—hrP2,k—1-h 22*—1,1:—3 =1, mpo—1
il?—l,k:—? = O7 ey Mp—1 — 1
Al =Ap2 if g = 1+ 2 oh=1 Uk—1,k—hP2,k—1-h for e
Zk71,3 :0,...,m4— 1
i a=1...,m3—1
( th*—l,k—z =0,...,mp_1—1
. . k—1 .
AZ*_l,l = Ay i ZZ*—Lk—l =1+ 1 k—hP2k—h for e
Zk—1,2 :O,...,mg —1
k% _
L Zk—1,1_17""m2_1

while Dj,_; appears repeated my_; times filling in the diagonal blocks the rows from p; 1 + 1 to pi &
(that is from the second diagonal (m; x m;)— block to the (p 1) th diagonal (m; x m;)— block repeating

the following set of ps ;, components D;‘z

“1k—1
*
k—1,k—1
Kk _ : <ok _
AV A Vi g1 =1
*k . . . .
k—1,k—2 = Akvk_Q lf Z}:?*—Lk:—l =1 + ZZ;*—Lk;—QPQ,k—l—l fOI' /LZ*—L]{:—Q == 1, cee,Mp—1 — ]_
> kK
sk _ . ok _ 2 <ok Zk—l,k—Q = 0’ ceey Mg—1 — 1
Al g3 =App—3 if 47, =1+ > h=1 U p—nP2,k—1-n for { i -1 Mot — 1
k—1k—3 — oo Thk—1
(i o =0,y — 1
A=Ak if g1 = 1+ > h=1 Yg—1,k—hP2,k—1-h for pre— s — 1
k—1,3 = Y4 —
* 3k sk _
L Zk_172—1,...,m3—1
th*—l,k—2 = O, cee sy Mp—1 — 1
o . . k—1 .
A=Ak if ikt = L+ D2 p_1 th—hP2k—h for P 1
k-1,2 — Y- 103
| i =1 my—1
/ o / /
k—1 — Hmk_l PR ®Hm2 ®Iml
is
/
D, = (Im, @Lj 1) I, @ (Vii=Wp)+ T, @ W] (I, @ Li_1)
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Alternatively, the result of Theorem 4 can be written as
k
LiToLy, =diag{ Dy; f = (fo, fa,... . fi) € F =[] Fs ¢, (A32)

where the diagonal (m1 x mi)— matrices Dy = Dy, ¢, are given by

Arr if fo=1.. fra=1fr=1
App—1 if fo=1,.. fici=1fr #1
App— if fo=1,... fro=1 fic1 #1
Df27f37---7fk . . .

Ay if fo= 1, #1
\ Akhl Zf f2 75 1

(A33)
A.5 Proof of Lemma 4

1. Using () and part 5 of Lemma 3, we know that

Ap1 = Up1—Upgp
bTrp1,1 (Fw) . bsump1,1 (bTrpl,z (Fﬂc)) - bTTP1,1 (Fﬂc)
P2k P2k (M2 — 1)
(mg —1) bT'ryp, (Ty) — bSumy, (bTTpL2 (I‘w)) +b0Trp, , (T2)
pak (m2 — 1)
ma - bTry, | (Tg) — bSumy, [bTrpL2 (I‘m)]
P2k (ma2 —1) '

Since

p2;i Uk — Uk it1)

p2,i - bSumyp, , {bSumplyi L (bTrp1 ; ) — Ty, -1 (Te )}
Pit1k - m; (m; — 1) - le 1

P2 - bSumy, {bSumy, , (bTrp, ., (T )) bTrp, , (Tz)}
Pitak - Mit1 (Mip1 — 1) - p3;

m; - bSumy, | {bSumy, ,_, (bTrp, , (Tg)) — bTrp, ,—1 (Ta)}
Pit1k M (mi —1) - pai

_ bSumy, , {bSum,, , (bTrp, .., (Tz)) —bTry, , (Ta)}

Dit2k - Mit1 (Mig1 — 1) - pa;

i
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J
Apj = sz,i (Uki — Uk,it1)

i—1
7j—1
= p2.1Up1+ (Z (P2,i41 — P2,i) U z—i—l) —p2,jUk j+1
=1
bTrp, , (Tz)
— —hi\vE P2, Uk i1
P2k
i1
X bsumpl,l {bsumm,i (bTrpl,iJ,—l (Fm)) - bTrpl,z' (Fm)}
+{ D (mip — 1) -pas- 5
P Pit2k - Mit1 (Mip1 — 1) - p3

i—1
_ WTrp, (Te) + (JE: bSumy, | {bSumy, , (bTrp, ,,, (Tz)) — bTry,, (Fw)}> —p2,jUkj1

P2k im1 P2k

i—1
_ bTrpm (Tz) i jz: bsumpl,l {bsumm,i (bTrp1,i+1 (Fm)) - bTTpl,i (Fm)}
P2k i1 P2k

D24 bSumy, {bSumpLj (bTrpLj+1 (Tz)) —bTry, (Tz)}
P2k M1 (M1 — 1) - p3
i—1
— bTTpl,l (Fic) + ]z: bsumpl,l {bsumpl,i (bTrpl,i+l (Fm)) B bTrpl,i (Fm)}
P2k i—1 P2k
_ bSumy, , {bSumy, , (bTry, ., (Ta)) — by, (Tz)}

pa - (mjr1 —1)

Finally, the expression of Ay is obtained by replacing j with £ in the above expression of Ay ;

and noting that the last term is p U} r+1 = 0.

. Since for j = 1is ij.1 =0 foreach h =1,...,k —1,
QriT2Qy

k—1 7 k k—1
_ <®pmm h)mm 2(@%@53 ) Wey -~ Upson)

h1 -
( Pmk+1—h> ®Im1
L \h=1 i

-1

N

Il
1
oL
-
:

h:j,h ] )
Pmk+1—h,Jmk+1—hPmk+1—h> ® (Ulw - U’erl)

T

1

—1 k k—1
ik: :J,h .
Pmk+1 h Z H Mep1-h Ukvj - U/w-i-l) )

1

Il
PR
ﬁ w
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and using (7) is

k
Qk,lerk,l = Pmk+1h> ® Zij (UkJ - Uk,jJrl)

Jj=1

I
~ ~
> ElS e'l\v
0 L)L

—

Pmk+1h> ® Ak7k~
Similarly, using (25), for j =2,...,k, is
Q1 T=Qh

k—j k—1
= ( Pmk+1—h> ® Qmj ® Pmk+1—h ® Iml
h=k—(j-2)

E o k=1
V1. 5%
> ( J75}3+’1h_h> ® Uk = Ugjet1)

k—j k-1
( Pmk+1h> ® Qm] ® Pmk+1,h ® Iml
h=h—(j-2)

k k—j
_ E : Ukij* b Thi* k= (j—1)
- [ ( PmthJmthPmth) D Qu; Tmision’ Qm,

=1 L \h=1
k-1 ‘
k5% b
® Pkarlfh']mk]qufhPmkle—h ® (Ulw'* - Uk,j*'l‘l)
h=k—(j-2)
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since Qmj J:fz}fiﬁh,thj = 0 for each .5+ j, = 1, that is, for each iy.;« with j* > j, then

QT2 Qp
7j—1
% * 7 *
B Z [<® Pryyi hJ7215+1h hPmth) ®Qm]-]n’§,j+1k h(] 1)Qmj
j*=1
k—1 }
P Jokith p U i» —Upivy1)
® Mmir1—nY Mip1-nd Mpyp1p ®( k,g* k,j*+1
h=k—(j-2)
Jj—1 k—j
0 0
= ®Pmk+1 hPmk+1 h) ®Qmj‘]mk+1 hQ @ ® Pmk+1 thk+1 hPmk-H—h
J*=1 h=1 h=k—(j—2)
k—1
® Pmk;+1 hJ%nk+1 hPmk+l—h ® (Ukz.]* - Ukv]*+1)
h=k—(j*—-1)
j—1 k—j k—j*
= ®Pmk+1h) ®Qp, ® Py,
7*=1 h=1 h=k—(j—2)
k—1
& mk-ﬁ-l—hPkarlfh o2y (U]ﬁ]* - Uk7j*+l)
h=k—(j*-1)
k—j k—1
- (®Pn)ean @ P
j—1 k 1
®Z mk+1h (Ukyj» —Upje11)|
7*=1 h= k
that is, using (6)
Qk,jerk,]
k—j k—1
- <® P ) Q@ | & Pms
h=1 h=k—(j—2)
j—1 k-1
® I  mws1-n | Unye = Urjesr)
Jr=1 h=k—(5*-1)
k—j k—1
= ( Pkarlh) ® Qmj ® ® Pkarlfh ® Ak?]_l'
h=1 h=k—(j—2)
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3. Using the above part (2), the results to be proved are equivalent to

k—1
<® Pmk+1h) ® Ak:k

Ak,k = bTTPl,l

h=1
1 k—1
= —bSumyp, , ®Pmk+1—h ® Ak
P2k ’ P}
k—j k-1
bTer Pmk+l—h ® Qmj ® Pmk+17h ® Ag,j-1
A _ h=1 h=k—(j—2)
kvjfl - m] _ 1 Y
forj = 2,...k.
k—1 k—1
Noting that each m; x mi— block of (@ Pmk+1—h> ® A = (@ Jmk+1_h> ® }%Ak,k 18
h=1 h=1 ’
1

mA}ak, then

k—1 1

OT'rp, 4 <® Pmk+1—h> ® Ak,k] = D2k FAk,k = Ak,

h:1 El

and
k—1 1
bSumpl’l [(@ Pmk+lh> ® A/tk] = p%,k ) ]TAk,k = P2k - Dk ks
h:1 )

that is,

App = bTrpL1

k—1
( Pmk+1h> ® Ak,k
h=1

k—1
1
—bSumy, , [(@ Pmk+1h> ® Ak7k]'

D2,k he1

Similarly, the matrix @y, ; ® Ay j—1 can be expressed as

Qi ® Ay j
ki k—1 1
= —J L l®Q,, ® —J | @AL
(g Migi-n h) " h=k—(j—2) IR kL !
1 J & <I 1 J ) X 1 J QR A
= —J,. - — . _ o Ej—
pj1g TR M poj_1 ! i
Ap i1
= Jpa® ((mJ =Dy, - (ij - Imj)) @ Jpy ;1 @ p;k
(mj —1) Ay
= Jpj+1,k ® Imj ® Jp2,j—1 ® Dok
Ap i1
_Jpj+l,k ® (ij - Imj) ® Jp2,j71 ® pzjk )
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where all m; x mj— block in the diagonal of Jp,  , & (Jm; — Im;) @ Jp,, , ® Bkizl are 0, and then

P2k
(mj —1) A1
bTrp,, (Qr; ® Ary) = bTrp,, (mek @Iy, @Jp,,_, ©— - ’
(mj —1) A,
= Djtik My Pl L= (my— 1) Ay,
P2k

that is,

bTr VAV

Ap,j=— (D ’”), forj=2,...,k.
m; — 1
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